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ABSTRACT 

Reading to learn mathematics forges a new synthesis 
of the traditional basics of reading and mathematics which aims at 
fostering critical t?iinking and may provide an instructional context 
within whxch students and teachers can work out meaningful 
conceptions of mathematics. Benefits of this synthesis of reading and 
mathematics include: (1) contributing to better learning and 
understanding of mathematical content; (2) devt-loping new learning 
strategies useful in new learning situations; and (3) developing a 
deept^ understanding of mathematics as a discipline. Reading to learn 
mathematics may be able to play a role in bringing about much needed 
reform of the mathematics curriculum and to a reconceptualization of 
the role of the traditional "basics" in educating students as 
critical thinkeis. A review of the research on the reading process 
shows hoy the concept of reading as a transaction contributes to the 
attainment of these goals for mathematics instruction. (Sixty-eight 
references are attached.) (RS) 
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Intxtxkicticn 

What is mors basic to schcx)ls than reading and mathegooatics? And yet, 
the traditional definitions of these '^basics" have been assailed as inade- 
quate \tfhen measured against the goal of educatir^ stojdents as critical 
thinkers (mm, 1986; NAEP, 1985; Carnegie, 1986; Holmes, 1986). Schooled to 
"solve" reacfy-made, well-defined problems, students are tnprepared to deal 
with the novel, ill-structured situatiOTs that characterize thinking in 
context. Educators have begun to argue that the traditional sense of basic 
skills as algorithms for acquiring stable bodies of facts has created rote 
thinkers . If, instead, students are to beccme critical thinkers ^ then a new 
view of the "basics" must be forged. 

This paper atterrpts to do just that by e>?>lorir^ tl-ie possibility of a 
new synthesis of two traditional basi^ — reading and nathematics— aimed at 
fostering critical thinking. Our perspective an critical thinkirg is 
grounded in the work of John Dewey v*io characterized critical thinking as a 
prcjcess of inquiry motivated by doubt and ambiguity. As such, critical 
thinking is a generative activity involving both the creation anS evaluation 
of knowledge. Ihis view of critical thinking challer^es the goals of most 
cairrent mathematics and reading curricula, since schools have traditionally 
interpreted both disciplines as specialized forms of information processing. 

Recently, hcwever, there have been movements within mathematics 
education calling for a reconception of the goals of the current rathenatics 
curriculum in ways jAiidi are more in line with a critical thinking perspec- 
tive. Parallel developnents have occurred in tne area of reading^- where the 
most recent theoretical irodels have challenged the view that reading 
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cxxTprehsnsion is essentially the transfer of infonnation encxxJed in a text. 
OSie new integraticxi of reading and matheanatics we present takes advantage of 
these developnents* In brief, we suggest that reading can play a unique role 
in mathenutics . istruction as a mode of leamijxr which prcraotes the kind of 
. -iflectivi , ski^ical thou^t characteristic of critical thinking. 

Building on relevant researdi in critical thiiiking, mathematics 
education, and reading ccnprdiension, we first of all identify educational 
goals and instructional approaches for mathematics and reading \Auch support 
critical thinking. A framework for usir^ "reading to learn mathematics^' is 
then developed throu(^ a synthesis of these interpretations of mathematics 
and ?neading instruction, and an illustrative exanple of "readirig to learn 
math^^tics" presented so as to flesh out the framework introduced. We 
conclude with a discussion of the educational significance of this syn- 
thesis. 

Cdnceptual ¥rasosxak 

In this section we present the foundaticais for the new synthef^is of 
reading and matiiematics instruction outlined in the introduction. Ife define 
critical thinking and then e>^lain hew the goals of the mathematics cur- 
riculum must be recono^jtualized if schools are to produce students yAio 
think critically in the context of mathematics. Finally, research on the 
reading process is reviewed to shew how the oon:^^ of readi:ig as a transac- 
tion COTitrifcutes to the attainment of these i:«w goals for mathematics 
ii^tmcticHi. 

Critical Blinking Defined 
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Critical thinking has becane a buzzword in educational circles. 
FVeryone agrees there should be more of it in schools but there is less 
agreeanent on just vtet it nveans to think critically. One ocmLionly held 
definition is based on the work of Ennis (1962) vSio argued that critical 
thinking is a matter of correctly assessing the tnith valv^ of statements. 
Drawing heavily on the rules of informal logic, Ennis identified a list of 
12 "aspects" of caritical thinking which he claimed could serve as ways to 
"avoid pitfalls" in assessing statements. Critical thinking thus came to be 
thou(^t of as a set content- and context-free procedures vAiicSi could be vised 
to evaluate the form of an argument, a notion that pranotes the tjeadiir^ of 
isolated skills in the name of critical thinking (e.g. , Beyer) . 

Critics claim that this characterization of critical thinking as a ]pax- 
ticular set of "skills" fails to adequately cg^jture the actual practice of 
critical thinking in context. Evaluating statements and arguments is not 
just a matter of form tut involves thinking about something in a particular 
context. Hence, there can be no set of critical thinking skills that can 
guarantee "ri^t reasoning" ind^)endent of the particular domain of know- 
ledge and circumstances of use (McPeck, 1981) . Moreover, the cost inportant 
(and possibly the most difficult to teach) aspects of critical thinking are 
the initial decision to engage in critical thinking (Sternberg and Martin, 
1988) and the subsequent framing of the prctolem. 

In COTtrast to a •'basic skills" approach, current scholarship defines 
critical thinking as "informed sk^icism" (Corribleth, 1985) or '•reflective 
fik^icism" (McBecik, 1981) and requires knowledge of the relevfant dcarain. 
Scholars have drawn an the work of John Dewey to work out a perspective on 
critical thinking that captures its ocrrplex and fluid nature. Acoordir^ to 
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Dewey (1933), critical thirfdrg is reflective thoa^t involvii^ both the 
correction (in the sense of looking back at the bases of an hypothesis) and 
the gex>eration (in the sense of looking forward to potential cxansequences) 
of kncwlec^e, Ainbiguity plays a central role in his description of critical 
thinkir^ since reflective thcw^t involves: "(1) a state of doubt, hesita- 
tion, perplexity, mental difficulty, in \Auch thinking originates, and (2) 
an act of searching, hunting, inquirii^, to find material that will resolve 
the doubt, settle and dispose of the perplexity (p. 12)*" Critical 
fiinkers raise questions about \>*iat is taken for granted and consider new 
possibilities in li^t of their knowledge of the particular knowledge danain 
and the context of situation. In short, the^ definiticai'5 suggest that 
critical thinking is more an attitude of inquiry than a collection of skills 
(Siegel and Carey, L\ press) • 

If critical thinking is a generative activity in vAuch knowledge is 
creataJ and refined thrcu<^ a reflective process motivated by doubt and 
anbiguity, then schools can no longer teach mathematics as the "discipline 
of certainty." The goal of fostering critical thinking in schools can only 
be achieved if the goals of the mathaiiatics curriculum are reconceived, 

A Reoonoeived View of ^>1e Goals for School Ksrthanatics 

Ttie call for reconc^ptualiziiig the goeils of the mathematics caarriculum 
has ocme frcxn researchers and practitioners alike (Carnegie, 1986; NCIM, 
1980; Ralston, 1987) . Thou^ the debate is still raging on ths issue of "how 
Huch" factual kncwledge and ccnputational ^lls should be rajuired in the 
K-12 mathematics curriculum of the future, nathematics educators agree that 
there is a need to oonplement this ocqpcx>ent with ns^ goads for learning and 
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iirderstandir^ mathematics. We will focus here on the follcwir^ issues: (l) 
the concern with equipping students with general strategies which will allow 
them to suooessfully ^roach novel tasks in the future; (2) the need for 
helpir^ students develop ccax:^ions of inatheanatics vMch are more realis- 
tic and conducive to the learning of the discipline; (3) the need to deal 
effectively with affective as well as cognitive issues \^ch can affect 
students' learning of mathematics. 

The first goal has been widely recognized (see, for exaitple, NCIM 
[1980]), and has already motivated a ^dft tward greater erophasis on the 
proces s . doing itathematics rather than ca\ the product of mathematical 
activity or factual leamiiig. The numerous research stxjdies and curricular 
projects geared to making problem solving the fooos of school mathematics 
have helped move mathematics education in this direction, making teachers 
aware of the iitportance of setting 'new goals for school mathematics such as 
the developnent of problem solvijig heuristics (Polya, 1957) , and metaoogni- 
tive abilities (Sdioenfeld, 1985a; Silver, 1S85). The morB recent concern 
for creatirg "critical thinkers" has added new goals to this list, such as 
developing skills for "framing" or "redefining" a given prti)lera as well as 
the generation of new questions and avenues for inquiry (Brcwn, 1984, 1986; 
Brown and Walter, 1983) . 

Since Perry's stu^ on the developroent of students' oono^ions of 
kncwledg-^. (Perry, 1971), several studies (Borasi, 1986c; Brwn, 1982; Bueik, 
1981; Oooney, 1985; Copes, 1974; Msyerson, 1977; Oaks, 1987; Schoenfeld, 
1985a, 1985b) have shown that students (and mathematics teachers as 
well!) often hold a view of sdiool matheanatics which is at odds with the one 
held by itathematicians, and which may have a negative effect on students' 
attitudes towards the discipline and their €qpproach to its learning. Ohese 




studies suggest that nost students ^arx:3eive mathesmatics as a dualistic, 
rigid discipline, \iizhere results are always univocally determined and there 
no spacje for personal judgment, values and taste. As a result, they 
interpret their role as nathenatics students as essentieilly acquiring (i.e., 
xneaaorizing) facts and algorithms that can be iranadicitely applied to the 
solution of prt±>lerns; few students expect mathematics to be a meaning making 
process, and even fever see it as a creative undertaking. Vfe are thus in 
need of strategies vftiich will help students understand mathematics as a mere 
humanistic discipline; students are usually unaware of the struggles and 
difficulties whicii have marked the creation of mathematical knowledge, as 
reflected, for exaitple, in Kline's account of the history of mathematics 
(Kline, 1980) ; the uncertainty and limitations still existing in scsne areas 
of mathematics, as in the case of the notions of infinity (Borasi, 1984, 
1985) and provability itself (Hofstadter, 1979); and the role played by 
anomalies and errors in mathematical growth (Borasi, 1986a, 1987; Kiihn, 
1970; lakatos, 1976) , all of v^ch point to the need to teadi mathematics as 
critical thinking. 

Studies on '"math anxiety", particularly in the case of woien, (Buerk, 
1982; Leder, 1982; Resek and Rupl^, 1980; Tobias, 1978) and cm self-systems 
(IfcLeod and Adams, 1980; Oaks, 1987) have also pointed out the iirportant 
role feelings and attitudes play in successful learning esqperienoes in 
mathematics. A recognition of the emotional difficulties met by many 
students and explicit efforts to make students realize that mathematics is 
indeed something they can be a part of and that mathematicians are not a 
special breed may be essential for success in the discipline. 

The new goals for school mathematics identified above will require the 
develcpinent of new teaching strategies viiich engage students in exjperienoes 
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calling for critical thinking as defined earlier. Ihe recent shift in 
theories from reading as infonnaticai processing to readiiig as the active 
ccnstruction of meaning provides a basis for develc3ping instn^^ional 
strategies that esrfiiasize reflective -inquiry in an atiioqSiere of meanirjg- 
laking and risk-taking. 

A Reccnceived View of Reading 

During tfce last 15 years the field of reading education has experienced 
an ea^losion of kncwledge about the reading process has led to a 

proliferation of theoretical nodels of reading. Ihe most recent model, from 
v?hidi cur synthesis is drawn, looks at reading as a "transaction" in vMch 
new meanings arise frcm the negotiation of reader, text, and context. To 
better xmderstand the radical character of this model, and its consequences 
for iiiplemeiiting the goals of mathematics educatioi and critical thinking 
discussed above, it'may help first of all to contrast it to its predecessors 
— the information transfer and interactive models. These models have 
doninated ret only reading instruction but most of the current attenpts to 
integrate Heading and mathematics. 

Both information transfer and interactive models draw on the oonputer 
as a metajphor; thinking is processing information and so reading beoones a 
matter of transforming visual infoniaticn into meaning. Information transfer 
models of reading adhere closely to this metaphor, portraying reading 2is a 
linear process involving the mechanical ocainection of visual input with a 
lexicon of letter and word codes (e.g. Gcu^, 1972; laBerge eurd Sanuels, 
1976) . ^ihese models view the reader as passive and ooiprrfier^ion as 
scmething that happens automatically once word meanings have been es- 
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tablishad; fron this perspective, reading is sinply a natter of transferring 
Information fron the text to the reader (cf • Harste, 1985) • 

Interac±ive models of reading (Adaits and Oollins, 1979; Romelhart, 
1977) were developed in order to address the inadequacies of infonnation 
transfer nodels (cf • Sainuels and Kamil, 1984) • Ihese jnodels also draw on the 
ccaiputer metaphor bat give readers an active role and eillcw for interactions 
among the knowledge that serves as input {e.g. grs^iiic, syntactic, senantic, 
and world knowledge) ; researchers hypothesize that interactions are possible 
becaiose knowledge is r^resented in the form of schemata, structures which 
r^resent the relations inplied by a concept* VBien readers approadi a text 
they use relevant schenata to make inferences; ccxrpr^>ensian is sadd to 
occur vftien connections between new information (presented in the text) and 
the reader's knowledge base are made (Anderson and Pearson, 1984) • Research 
corducted fron this perspective has explored the relationship between text 
factors and reader factors: researchers have examined the effect of text 
structure on readers^ corprehension (Meyer ard Rice, 1984), the effect of 
background knowledge cm catprehension (Anierson and Pearson, 1984) , and the 
processes (e.g. inferencing, suimarizing, allocation of attention) readers 
vise to caiprehend (see Crismore [1985] for a review of this research) • 
Inplicit in interactive reading models, however, is the belief that the 
reader essentially reccaistructs the author's message; the reader is active 
and strategic but csily in the service of reocvering the meaning r^resented 
by the text» These models regard readir^ as a purely cognitive process, that 
is, the interactive models ignore the context of the reading event and thus 
omit social eind affective dimensions frcd consideration* VSiile these models 
have far more e;<planatcyy power tlian information transfer models^ they still 
fail to capture the full ccrplexity and geiierativity of the act of reading* 
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Transactional nodels (Carey and Harste, 1985; Eco, 1979; Rosenblatt, 
1978) portray rBading cxxrprdiension as a learning proc?ess inasnuch as the 
reader is said to transform the text in ths act of reading. Ohe text is 
©sen as a sprin^boani for generating neanings rather than tenplate against 
vihich a reader's xmderstanding is measured. Ihe reader brings not only 
backgrcund kncwledge to the text but also a socio-cultural orientation, a 
persOTal history of reading, and beliefs and feelir^, all of which are 
mediated by the context of the reading event. Because transactional irodels 
are models of reading in context, the process is descriJ^ed as fluid: 
cdipr^ension changes v^en the reader or the cmtext charges, that is, 
corprehension varies across readers and ocntexts; the same reader will 
generate different meanings for a text in different contexts and at dif- 
ferent points in time. Researchers working within the framework of a 
transactional model of reading are less likely to study the relationship 
between separate variables (e.g., text features and reader characteristics), 
focusing, instead, ot studying the •»Whole cloth" of readirg in hone and 
school contexts (Blocra and Green, 1984) . Ihese studies typiccilly make use 
of naturalistic research designs, yielding detailed portraits of the ways 
readers make meanings (see, for example, Rowe, 1986; Siecjel, 1984; Itefft 
Cousin, 1988) . 

A transacticaial model of reading not only affects the ^ reading 
research is approadied, but the way the reading curriculum is ccxic^jtualized 
and inplesnented in classroons. In contrast to informatic^i transfer ard 
Interactive reading models, which ertphasize direct* instruction in te* 
factors (e.g. vocabulary, identifying text structures) zmd reader factors 
(e.g. making inferences, using background knowledge, generating main ideas) , 
reading educators working fron a transactionad per^)ective have develcped 
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instructional strategies that call for the invention and tramsfonnation of 
jneanirg* Strategies calliiig for transinediation (i*'^.. the transfomation of 
a written taxt into other inedia such as art [Siegel, 19841 or drana [Grunet, 
1985]) ard the creatioi of ^aialogies (Hayes aixS Tiemey, 1982), for exanple, 
support 'ooiprehension by ergagiig readers in the sort of reflective, 
skeptical thcu^t associated with critical thinkirg* Ihe transa(±icnal view 
of reading as a process of inaking meaning also supports the learning of 
^^ecific content and disciplines, Reading educators have therefore developed 
curricula which uses reading activities (alosTj witiA other thinking ejid 
learning processes such as writijig, discussions, anri so on) as nodes of 
learning v*iich foster critical thinking. 
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A Nev Syntliesis: 
"iteatJing to learn Katboiatics" for Critical BiijiJdng 

liulogue 

Notice hcv the shifts in the ways researchers have conc^jtualized 
reading cxxrprehension as a transduction, and the new concern for developing 
problem generation strategies and a humanistic concepticai of mathematics are 
essentially shifts tcward critical thinking. As a prologue to the new 
synthesis vAudi follows, let us hi^i^t, here, a few points that may 
further clarify scane inportant parallels between a transactiaial view of 
reading and the reconoeived goals set for mathematics instruction in the 
1990' s: 

• ambiguity is always present to sooe extent in the material staxients 
encounter, and acts as a positive force in that it creates doubts which 
motivate the student to marshal his or her resources and search for 
understanding; 

• the personal background and knowledge of the individual students as 
well as the cOTtext in vAiidi the reading or nathoatics instruction occurs 
are an integral part of the learning process in both fields; 

• both reading corprehension and landarstanding mathematics require the 
student to create his or her own perscml xaeaning of the material presented; 

m creating perscaicil meaning for a written text or a mathematical 
ocnoept requires some active and generative effort on the part of the 
stixJent, whidi transforms the original material. 

• the representation and transfonration of a message Into different 
media play a key role in both matheantatics (cf. Janvier, 1987) and reading 
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(Siegel, 1984). 

These parallels surest that research on reading as a transaction cxjuld 
help mathematics educators reoonceive their approach to roatheajatics instruc- 
tion* At the sane titne, the introducticai of transactional reading ej^jerien- 

could be a valuable addition to current instructicaial practices in 
mathematics classes since reading is a node of learning and so far school 
mathematics has taken little advantage (if any!) of written texts to foster 
learning. 

"Reading to learn Katheamtics" for Critical Bunking 

••Reading to learn mathearatics" introduces readiixf experieix^es vAiich 
encourage students to be active and generative learners so as to develop 
aspects of learning and xmaerstanding that are cxwial but often neglected 
in the traditional mathematics curriculxim— such as the nature of mathe- 
matics, the process of doir^ roathCTatics, affective as well as cognitive 
aspects of the learning of mathematics, and the oantextusilized rature of 
mathematical work. The introduction of "reading to learn mathematics" in 
classrocns requires the integration of the following three oonponents: 

(1) A rich variety of mathematical texts . To help students gain a 
better landerstanding of mathematics, we need reading materials whicii a ddress 
not only technical ocrrtent, but also issues in the history and philosophy of 
mathesnatics, s^plications of mathematics to real life, accounts of the 
strategies xised to frame and solve ^xecific probleaocs, axxi biographies and 
anecdotes vAiich can provide insist into tte iDore affective and humane 
aqpects of mathematical discoveries. Ihe oarK5em for clarity and organiza- 
tion vhich characterizes textbooks and technical essays, for exaitple, leads 
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their authcrs to present only the end prcxiuct of mathematical activity, 
ignoring the process that brou^t it to that point as well as the pos- 
sibility of alternative solutions. A range of rathanatical texts would 
portray mathenatical thinking in a variety of textual foniats. At tha saine 
tiine, a transactional perspective an reading is appropriate for more 
connxaily used texts. Hiese would include regular textbooks as well as sheets 
of exercises and cxairples vSiidi may i*jt contain a single word. Oonputer 
prograns and the printout of their output could 2dso be thoi^t of as texts 
in need of interpretation. 

(2) Transactional readincr strategies . To fully e>?)loit the educational 
potential of these texts to foster* critical thinking, reading strategies 
vAiich foregrouixJ reading as a mode of learning should be eirplqyed. Research 
in reading has made us aware that it is not only WHAT students read, but 
also HCW they read that can make a difference in their learning. Stidents 
can use transactional reading strategies to learn fron any kind of mathe- 
matical texts. Ihese strategies engage readers in critical thinking in the 
sense that textual meanings are cc»istructed throu^ reflective thou^t 
motivated by antoiguity. 

Several exairples of transactional strategies may clarify their role in 
the learning process. A "say sonething" strategy (Harste, Pierce, aixJ 
Caim^, 1985) encourages students to pair vp with a peer and read the text 
together, stepping at various points to make predictions, formulate aixJ 
disaiss questions they have, and e55)lore possible ooiseguenoes of the 
Bsatherial being read. This strategy supports critical thinking in several 
UBQrs. First, it encourages students to value and take ownership of their 
reading/learning e>q)erienoes by allowing them to select the points in the 
text that merit further study and discussion. Second, the "say satnsthing" 
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strategy deanxjnstrates to students that social interacticai between peers can 
support their attarpts to work out a meaning for the text. Finally, this 
e>$3eriGnoe prcnotes reflective skepticism and an attitude of inquiry. In 
talking their way throo^ the text, students ©ay define sane textual 
ancmalies worth e55)loring. Ihese ancsnalies itay then set the stage for the 
construction and disca/ery of new landerstandings about the material read. 

A "clcxiing the author" strategy (Karste, Pierce, and Caimey, 1985) may 
also be used to si^port critical thinking and learning. In this strategy, 
readers are invited to read the text with a set of blank 3x5 cards in hand. 
When they core to an itrportant concert: or sanething they don't understand, 
they are to record it on a card. Later, students sort throu^ their cards 
and identify one as the central theme of the piece; all other cards are laid 
out so as to r^resent the relationships among ideas, as constructed by the 
reader. Biis experience helps the reader (or readers, the strategy can 
easily be adapted for groi?) work) relfect on \*at they've read, taking 
advantage of anaialies they've identified in the course of reading. Further, 
this strategy, lite other transactional strategies, encourages the reader to 
transfonn the text into his or her cwn. Bus helps keep the reading process 
form beocming a rcutinized activity in vMch the sole concern is recovering 
the author's meaning. 

(3) A curriculuar framework . If we do not want reading e)5)erienoes to 
beocroe isolated events perceived as curricaleur "frills," they most be 
eetedded in an overall curricular fram^^rk that creates a caontext for 
critical thinking, one which values risk-taking over ri^t answers, process 
as well as product, and problem formation as well as problem solving. The 
authoring curriculum (Harste, Woodward, and Burte, 1984; Rowe and Harste, 
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1986) is a good exanple of this kind of oorricxavim and serves as the basis 
for our cxxK3^3tualizatiQn of "readiig to learn mathematics." Ihis curriculvmi 
is based on the idea that Hveaningful learning ocxxirs vhen students xise 
different cxattirunicaticai sfystems (e.g., language, art, mathesatics, drama, 
etcO to generate meanir^js about a topic in a purposeful cxxitext. These 
different ways of knowirg help learners take new perspectives vAiidi, in 
turn, help them form as well as refine problems. UnliJce most curricular 
frameworks, in \Mch teachers define the problems and students solve them 
(Short, 1985), the authoring curriculum assumes that students must ex- 
perience ownership of this process. Without this experiejioa, students may 
learn how to process information aixi "fill in the blanks" without thinkirg 
critically. Ambiguity and doubt are iiierefore halliterks of readirg strate- 
gies Vised in the authoring curriculum. 

At the core of this curriculum is a set of beliefs about hew to create 
a context for "authoring." One of the most iirportant is that learning is 
social and every person in the classrocxn is a teacher as well as a learner. 
Another is that meanirg-making must be ei^jerienced, deanonstrated, and valxaed 
in classroans. This means that in addition to planning specific activities, 
teachers must act in ways that consistently demonstrate the value they place 
on meaning-making and critical thinking. 

The educational potential of this new synthesis can best be understood 
by looking at an example of "reading to learn mathenatics." In the section 
that follows, we present a set of readir^ e55)erierces on the topic of "fac- 
torization" so as to illustrate the proposed synthesis. 



ERIC 



17 



An niustxation: Ffesctaring TtincEiials 



To illiastrate the scope ard potential of "reading to learn inathe- 
HBticS/" we have chosen what many peroeive as a "typical" mathematical 
topic — factoring trincmdals. Factoring trinanials, is an iirportant tqpic in 
the current algebra curriculum and presents a stunbling block for many 
students. It may be useful, therefore, to see hew readir^ could be incor- 
porated into a "typical" mathematics topic and hew this integration could 
contribute to a reconceptualization of the goals of the mathematics cur- 
riculum. What we hope to illustrate is the radical shift in the definition 
of "the basics" from information processing to critical thinking. 

Performing factoring of trinomials with sucoess and reasonable speed 
is, in fact, a major goal of the current curriculum— as shewn by the 
€9fi?iiasis on these elements in most exams and textlxxiks. The fact that we 
already possess technology that allcws ccnputers, and even sane calculators, 
to perform symbolic manipulations^ incltding factoring, with ^peed and ac- 
curacy, may s\jgqest a need to rethirfc the goals of teaching this topic. 
Rather than striving to make students skillful performers of factoring, 
mathematics teadiers may want to give priority to goals such as developing 
(a) a conceptual landerstanding of the process itself, and (b) the ability to 
decide v*>en it is appropriate and worthvfeLle to factor, and vdiat to do with 
the result of factoring. In addition, we may want to e)q>loit the potential 
of "factorijg trinomials" to lead students to discover some of the more 
humanistic aspects of mathematics and to challerQe some vmrealistic ejq^ecta- 
ticTis students have with respect to matheroatics. 

Ihese new goals call for new instructional e>5)erienoes as well. In most 
schools today, the procedure for factoring trincmials (i.e., lo6kij>g at the 
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integer divisors of the constant term, etc.) is iiitroduced by the teadoer 
and followed by practice in Which students apply this procedure to a variety 
of exercieses. The traditioial ajproadi, therefore, assumss that the nost 
efficient and effective way to teadi students how to factor trinatdals is a 
clear explanation by the teacher followed by student practice. If, instead, 
critical thinking were the goal of instruction, teachers mi^t plan ex- 
periences that engaged students in the discovery of an original solution for 
factoring tasks, before any "official" procedure had been presented. The 
apparent "clarity" of a ready-made solution vrould be abandcaied in favor of 
coiplexity of problem-finding on the part of s t u den ts. 

In other words, the studerits themselves, rather than the teacher, would 
engage in the gesneration and defir-^tion of specific prcbleins to be solved 
with the ultimate goal of finding a general procedure for factorir^ trino- 
mials. Thus, stucients mi^t be asked to produce their cwn exaiiples of 
trinomials to be factored, on the assunption that the judicious choice of 
such examples plays a key role in creating a general procedure. C*^ might 
also expect the students to evaluate the appropriateness of applying the 
"factorii^" procedure discovered for specific trinomials, depending on the 
context in vdiich one is operating. It seons inportant, in fact, to realize 
that while it is certainly worth trying to factor numerator and denoninator 

in the expression ^ ^ ^ ■■ in the hope of simplifying it, it may be 

a waste of time to factor the trinomial in y=oc-3x+5 if all we want to know 
is v^ther the parabola opens up or down, or if we rreed to take the deriva- 
tive of the expression. 

With these premises in mind, we need, first of etll, to «ivisage the 
teachirg of "factorir^ trinctnials" as part of an overall reoonoeptualization 
of the algebra curriculum, vMch orphasizes the meaning mi rationale for 
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algebraic expressions and their nanipulaticffjs. "R ead i n g to learn matlie- 
matics" activities oould be used throughout this curriculxan to help achieve 
these goals. The following examples illustrate this point: 

1. Essays discussing applications of algdara in various dcsnains, and/or 
r^rting on the historical develc^ment of algetora oould be read using 
transactional strategies similar to those described earlier. For exairple, 
the following excerpt frcsn an essay by Neal Kcblitz can provide a starting 
point for sensitizing students to the fact that equations can be used 
inappropriately to represent relationships. 

cm: night several years ago whiie matching TV, I was surprised to 

SEE A MAraEMAnCAL BQUATK^ MAKE AN APPEARANCE Oti TOE * 'TONIGHT 
SHOW." PAUL ERLICH, AUTHOR OF THE POHJIATIW BCMB, WAS ARGUING 
THAT IHE SOmnOI [TO ENVIRCMIENIAL H?DBIJEMS], AS ALWAYS, WAS IN 
POHJIATIW OCMERDL. HE TOOK A PIECE OF POSTERBQARD AND WROTE IN 
lARGE LETTERS PDR THE TV AUDIENCE: 
D=t^ X I. 

"IN THIS EQUATiai," HE EXPIAIMED, "D STANDS FOR DAMAGE TO EE 
E2^VIR£M!EOT, N STANDS FOR THE NUMEER OF PEOPLE, AND I STANDS PDR 
THE IMPACT OF EACH PERSCX^ CN THE ENVIRCJIMENT. THIS BQUATIC*! SHCWS 
THAT IHE MDRE PEOPIZ, THE MORE POLUTnOr^. WE CANNOT OONIRDL 
POIIUnai WITHOUT OONIRDLLENG the NUMEER OF PBOPI£. 

WHO CAN ARGUE WTIH AN EQUATION? AN EQUATICN IS ALWAYS EXACT, 
INDISHTTABLE. CHALUNGING SCMEC»1E WO C^N SUPPCKT HIS dADB WTIH 
AN BaUATION IS AS POINTLESS AS ARGUING WITH YOUR HIGH SCHOOL MATH 
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TEAOffiR^ HCW MANY OF JOTNNY CARSOJ'S VIEWERS HAD THE SOPHISTICA- 
TION NECESSARY TO QUESTION ERIZCH'S BSUAHON? IS ERIim SAYING 
IHAT THE "I" FOR THE PRESIDENT OF HX)KER CHHMICAIS (OF I£WE CANAL 
NOJXSIEIY) IS OHE SAME AS THE "I" FOR YOU AND ME? H?EPOeiERDUS, 
ISN'T rr? BUI WHAT IF THE VIEWER IS TOO INIIMIDftTED BY A MATHE- 
MATICAL BOUATICW TO APPLY SCME COmXi SENSE? ERLICH KNEW HGW TO 
USE HIS TIME CH THE SHCW WELL^ 

Fran: Kbblitz, N* (1981)* Matheamatics as Propaganda^ In L* Steen (Id.), 
Mathematics tanorrow (pp^ 111-120) . New York: Sprir^er-Verlag* 

2. Excerpts frcm classical irethematiceil texts written before the introduc- 
tion of algebraic symbolism could be read asking students to transform the 
mathematical content into their own words, vring current algebraic ^lOnbolism 
as much as possible. Such an activity could powerfully convince students of 
the advantages of usir^ symbols, and mate them realize the invalxoable role 
that algebraic symbolism played in the growth and dissemination of mathe- 
matical knowledge. 

3. Oonputer programs written to perform algebraic algorithns could be read 
generatively. Students could be asked to describe the prcoadure iised in 
their own words and to explain and ccranent on its application to apprcpriate 
exanples, which the students themselves have generated. The same c^roach 
could be applied to the description of algorithms r^rted in the textbook. 

4. Students may be asked to create word-probleaats and stories illxistrating 
the application of a learned omoept anchor procedure. These stories could 
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be exchanged among the -^tudentS; and read with the task of suggestiiig clari- 
fications, iTtprovements, and further elaborations on the problem or story to 
the authors* 



••Reading to learn mathematics" activities specific to factoring 
trincinials could also be devised. Ihe follcvitig are soiwe exaitples: 

1. Students could be asked to skim the textbook, searciiing for every 
instance of the instruction to "sinplify an eilgabraic equation." Vforking in 
pairs or small groi5>s, students cculd then categorize eacSi instance of this 
instruction and construct a definition for th:js jiirase. It is likely that 
students will discover that the meaning of "sinplifying an algebraic 
equation" is ambiguous and needs to be clarified by taking the context of 
use into consideration. In particular, students nsy bs asked to focus on the 
use of factoring, pointing out circumstances v4>ere "sirplifying" calls for 
factorir^ and others \^ere "siirplifyimg" instead calls for lailtiplying. 
Hence, they will c»K:e again see the iirportano^ of personal juigmant and 
context in mathematical thinking (two crucial elejients of our interpretation 
of critical thinkii^vg) . 

2. To assist the students in achieving a better undarstanding of the 
procedure of factoring, a prelimixiary exercise could involve reading a page 
shewing the multiplication of moncndeLLs, such as: 



x^-v ^x-t 
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'Hbax^ cxxisisting of mathesnatical syicbols rather than English words, this 
page still represents a written text to }Jtdcii studtents can apply transac- 
tional reading strategies, resulting in a generative approach to natheaiatics 
as well as reading. A valxaable transfonnation of this text could consist of 
using writir^ to describe the relationships illustiiited by specific rathe- 
matical exairples; that is, recognizing and putting into word^ patterns such 
as the relationship between the coefficients of the trinomial and its roots* 

3, Given the tentative nature of the procedure for factoring trinomials, it 
is very difficult to egress it clearly in words. Students could be asked to 
describe in their cwn words the st^ involved. In small groups, students 
could then catpare their descriptions with their classmates' as well as with 
the description presented in the textbook; the goal would be to arrive at a 
description of factoring trinomials \xpan which all msarfDers could agree. 

4. Factoring trincmials requires the use of an "educated" trial-and-error 
procedure since there is no algorithm available. The procedure usually 
tau^t to factor quadratic trincmials before the q»jadratic fornula is 
introduced (i.e., searching awong the integer divisors of the constant term 
for a pair whose sum is the opposite of the linear coefficient) , guarantees 
success in factoring only trinomials with integer roots. Discussijxf the 
limitations and advantages of this procedure may be very valiaable for 
students since it may help them appreciate the role played in mathanatics by 
an •'educated" trial-and-error approacii and by heuristic rather than al- 
gorithmic procedures. 

To help students think about the use of "educated guesses" in mathe- 
matics, a Sherlock Holmes story by Sir Arthur C3oran Doyle could be read, 
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payii^ close attention to the way Holmes reasons his way thnx^ the case. 
Ihcu^ Holmes claims to be the master of deductive logic, a nunber of 
philosophers have argued that Holmes is losing a form of logic that calls for 
the generation of hypotheses that mi^t e55)ledn a surprisiiig result — a 
sonewhat risky strategy not vmlike making an educated guess. Students could 
then be asked to write an autobiographical essay describing their own lose of 
educated guesses in mathematics; they would also be asked to examine their 
expectations regardii^ factoring in particular and mathematics mre general- 
ly and think about \iAiether making educated guesses fits their eoqjectations 
for doing mati^^tics. 

Obviously, we are not suggesting that these reading e35)eriences should 
constitute all that students would do on factoring in an algebra course. 
Rather, the experiences described above should be integrated with other 
•types of mathematical activities which may not require the support of 
written texts yet still eirbody the ^irit of generativity and "reflective 
skepticism" characteristic of our approach to critical thinkii^. 

Within the constraints created by the present curricultnn, standardized 
exams, as well as parental and administrative es^jectatica^, one mi^t 
reasonably argue that most mathematics teachers would not have the time for 
all the activities sketdied above, nor would they have the power to radical- 
ly reccnceive the go2as of the algebra curriculum and arjsequently redesign 
their teachii^ of it. We suggest, however, that a selection of the above ac- 
tivities could still be enplqyed and contribute (thoug^h clearly to a. lesser 
e>ci::ent) to the students' learning of factoring. 

For exanple, the activity of reading a page of exanples, reoognizirg 
patterns and redescribing it in terms of general rules, and reading genera- 
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tively the prxx^cSure for factoring as it is described in the textbook and by 
dassnates, could certainly contribute to a better understanding of the 
procedure— and 2ilso, oie v?ould hope, to students' successful perfonnance. 

A teacher may also oorisider the value of devoting sane time to ^' ^ 
readily of an essay describing instances in mathenatics v^iere algorithms are 
not available. Ttiact^ a discussion of these issues is not strictly a part of 
the current curriculvnn, we waold like to argue that it would not be a 
digression or "icirg on the cake." Sane research (see, for exairple, Oaks 
[1987]) sv:Qgests that students' lack of success in factoring may, in fact, 
stem frcm their inability to accept a procedure that is not algorithmic. 
They do not tnjst the "trial-and-error" procedure taught, feel insecure 
about their performance, and often nurture the belief that they have not 
really imderstood the procedure arri/or that the teacher is keeping back the 
"real" method. Time devoted to dispelling these dysfunctioial oono^ions 
nay eliminate a stumblirg block vjhich inpedes sane students' progress in 
mathematics, and thus may turn out to be tine well spent even in the context 
of the current instriKtional goals. 
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Cbndisim 



In oonclusioni we believe "reacxng to learn jathscaticc" fcaoges a new 
ofyxTthesis of the traditicaial "basics" that Kay provicje the following 
benefits: 

0 "ReacJing to learn irathesnatics" experier.cr > built around sane basic 
cx3no^?ts nay contribute to a better learning and uncJarstanding of that 
mathematical ccgTtent ^ These activities K^y help students see different 
aspects and facets of this content (see the process at work, becrme aware of 
historical developnient, see how these concepts can be mplied in new 
theoretical and everyday contexts) • Ihese reading eictivities hacve the 
potential to help students Jirrive at a personal xjndarstanding of the co n cept 
by ta3dng ia\ active role ana transformig the presented concepts into 
concepts meaningful to them. 

« Tha VEdue of these reading e^qperienoes for learning rathesnatics nay 
go beyond the ^)ecific cc^Krepts and tq;ics, and help students develop 
valijable leamincr strategies that can be used in mvs^j learning situations. Vfe 
bc^ to encourage an approach to reading any math te)ct, including textbooks, 
in a generative way* Since "reading to learn aathenatics" activities em- 
phasize leamirq nathen-atics as an active and oonstructive process, w hope 
that being an active reader will encourage students to be active rat>^ 
vaticians as well. 

• Ihese "reading to leai. mathematics" activltiec mxy also help 
stxjdents develop a deeper und ersta nding of gathanatics as a discipline and, 
in dtoii^ so, help them redefine school Bathesnaticc. Par instance, it's 
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for st^Jents to see that »>th^ti= is a pro*^ <=£ hw.n 
«*ivity »aiated ^ I«sc«a vaa^ ^ *^ ««=^"= 

»a attitudes on the nature Of .^th^tics have a oc^iaerable kpact hc« 
.tuients learn a«a use ■athenatics. Develcpi.^ a da^ unaarstardir^ of 
■thoatics .as a discipline, however, cannot be aooorplishad through a 
sir^e, separate unit « the topic, it re^ crgolng disc«ssi» and 
a„^Uons of these co««pts thra^ daily loami^ e=5«rienoes. 
T^*ers can't just tell st^^ >»-t ^the>.atics is all abait, students 
^ «5erien=e it. "Beadi^ ^ ^ths^tics" exferienoes »ay provide 

„ i,«tructio«l ccnte.* within *id> and tea*ers ^ «rk art 

jieanlngful oorc^itions of jatheniatios. 

Beyord the developnent of ^ifi= mthfflatioal Ja>c«le<^, strategies, 
a,^ concepts, however, "readi^ to learn .athaatios" prcj«es that "the 
basics" can no la^ tho^t Of as the 3 R-s, no ».tter h~ sc^tusti- 
oated the description ^y be. 1.^, e*^tors will «ed to defi« "the 
basics" in a way that avoids the artifical clarity so <*aracterlstic of 
in sd«.ls today. «>at is basic to «i«ls in the i«ure .ay well 
be the unity Of knowledge ard attitude of inquiry central to the new 
synthesis Of readi^ <^ ^tl««ti» presented in this p«E«r. "Keadi^ to 
learn ,«the=»tics" ^y therefore be able to play a role in bri.^ii.g ^ - 
^ ne^teJ reform of t-, »ti««tics «rria>l.» and to a recc«:epb^iza- 
ti<^ Of the role o£ these tn^ticnal basics in educatlifl students as 
CT leal thirfcers. 
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